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1. Introduction
It is now a classical result that if a function F is absolutely continuous on a com-
pact interval [a, b] ⊂  , then F is differentiable almost everywhere on [a, b] and F
is the indefinite Lebesgue integral of F ′. Since the McShane integral represents a
Riemann-type definition of the Lebesgue integral [5], [12], it is not surprising that a
similar result holds also for the McShane integral. Although the McShane integral is
conceptually simpler than the Lebesgue integral, it is rather surprising to note that
the McShane integrability of the derivative F ′ of the above function F is obtained
via convergence theorems for the Lebesgue integral. See, for example, [10, Theo-
rem 5.3.15]. In view of this observation, it seems that none of the previous authors
has used the full strength of Riemann sums to obtain the McShane integrability of F ′.
In this paper, we will use Riemann sums to obtain some complete characterizations
of the strong McShane integral, which is equivalent to the Bochner integral [11]. In
particular, we extend the following results: [3, Proposition 1], [3, Corollary 1], [10,
Theorem 5.3.15], [10, Theorem 9.3.7] and [9, Proposition 4, Remark 6] valid for the
McShane integral to the strong McShane integral. See Theorem 3.5 for more details.
Moreover, we deduce a Radon-Nikodým Theorem for the McShane variational mea-
sure (Theorem 3.9). Our extensions are possible because our techniques, unlike those
305
employed by previous authors, use neither convergence theorems nor the extended
real-valuedness property of integrable functions.
2. Preliminaries
Unless stated otherwise, the following conventions and notation will be used. The
set of all real numbers is denoted by  , and the ambient space of this paper is  m ,
where m is a fixed positive integer. The norm in  m is the maximum norm ||| · |||,
where |||(x1, x2, . . . , xm)||| = max
i=1,...,m
|xi|. For x ∈  m and r > 0, set B(x, r) :=
{y ∈  m : |||y − x||| < r}. Let E :=
m∏
i=1
[ai, bi] be a fixed interval in  m . For a set
A ⊆ E, we denote by χ
A
, diam (A) and µ∗m(A) the characteristic function, diameter
and m-dimensional Lebesgue outer measure of A, respectively. Moreover, we denote
the interior and closure of A ⊆ E with respect to the subspace topology of E by
int(A) and A, respectively. The distance between Y ⊆ E and Z ⊆ E will be denoted
by dist(Y, Z). Given two subsets X , Y of E, the symmetric difference of Y and Z
is denoted by Y ∆Z. A set A ⊂ E is called negligible whenever µ∗m(A) = 0. We
say that two sets are nonoverlapping if their intersection is negligible. Let X be a
Banach space equipped with a norm ‖ · ‖. A function is always X-valued. When no
confusion is possible, we do not distinguish between a function defined on a set Z
and its restriction to a set W ⊂ Z.
An interval in  m is the cartesian product ofm one dimensional compact intervals.
I denote the family of all nondegenerate subintervals of E. If I ∈ I, we write µ∗m(I)
as |I |, the volume of I . For each J ∈ I, the regularity of an m-dimensional interval
J ⊆ E, denoted by reg(J), is the ratio of its shortest and longest sides. A function
F defined on I is said to be additive if F (I ∪ J) = F (I) + F (J) for each pair
nonoverlapping intervals I, J ∈ I with I ∪J ∈ I. In particular, if we follow the proof
of [7, Corollary 6.2.4], then we can verify that if F is an additive interval function
on I with J ∈ I and {K1, K2, . . . , Kr} is a finite collection of non-overlapping
nondegenerate subintervals of J with
r⋃
i=1




A partition P is a finite collection {(Ii, ξi)}pi=1, where I1, I2, . . . , Ip are pairwise
nonoverlapping nondegenerate subintervals of E. Given Z ⊆ E, a positive function
δ on Z is called a gauge on Z. We say that a partition {(Ii, ξi)}pi=1 is








(iii) anchored in Z if {ξ1, ξ2, . . . , ξp} ⊂ Z,
(iv) δ-fine if Ii ⊂ B(ξi, δ(ξi)) for each i = 1, 2, . . . , p,
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(v) Perron if ξi ∈ Ii for each i = 1, 2, . . . , p,
(vi) McShane if ξi need not belong to Ii for all i = 1, 2, . . . , p,
(vii) α-regular for some 0 < α 6 1 if reg(Ii) > α for each i = 1, 2, . . . , p.
According to Cousin’s Lemma [7, Lemma 6.2.6], for any given gauge δ on E, δ-fine
Perron partitions of E exist. Hence the following definition is meaningful.
Definition 2.1. A function f : E −→ X is said to be strongly McShane in-
tegrable on E if there exists an additive interval function F : I −→ X with the
following property: for each ε > 0 there exists a gauge δ on E such that
p∑
i=1
‖f(ξi) |Ii| − F (Ii)‖ < ε
for each δ-fine McShane partition {(Ii, ξi)}pi=1 in E. The function F is called the
indefinite strong McShane integral of f on E.

2.2. When X =  , the reader can verify that Definition 2.1 is equiva-
lent to the classical definition of the McShane integral. See, for example, [5], [7], [8]
[10], [11], [12].
3. Main results
Let F be an interval function on I. If δ is a gauge defined on W ⊆ E, we set
VL(F, W, δ) := sup
∑
‖F (Ii)‖,
where the supremum is taken over all δ-fine McShane partitions anchored in W , and
VLF (W ) := inf
δ
VL(F, W, δ),
where the infimum is taken over all gauges onW . It is not difficult to see that VLF (·)
is a metric outer measure. See [3] or [13].
Theorem 3.1. If F is the indefinite strong McShane integral of a strongly Mc-
Shane integrable function f on E, then VLF is absolutely continuous with respect
to the Lebesgue measure µm.

. It is similar to that given in [3, Proposition 2]. 
In order to proceed further, we need the following definitions.
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Definition 3.2. Given an additive interval function F on I and 0 < α < 1, we
say that F is derivable at x ∈ E if there exists an element of X , denoted by F ′(x),
independent of α such that for ε > 0 there exists η = η(x, α) > 0 such that
∥∥∥F ′(x)− F (I)|I |
∥∥∥ < ε
whenever I ∈ I with reg(I) > α and x ∈ I ⊂ B(x, η).
Definition 3.3 [8]. An additive interval function F on I is said to be strongly
absolutely continuous if given ε > 0, there exists η > 0 such that
q∑
i=1
‖F (Ii)‖ < ε




Definition 3.4 [9]. A gauge δ on E is said to be nearly upper semicontinuous if
there exists a negligible set Z ⊂ E such that δ |E\Z is upper semicontinuous on E.
In view of Remark 2.2, the next theorem generalizes the results [3, Proposition 1],
[3, Corollary 1], [10, Theorem 5.3.15], [10, Theorem 9.3.7] and [9, Proposition 4,
Remark 6] valid for the McShane integral to the strong McShane integral.
Theorem 3.5 (Main Result). Suppose that an additive interval function F is
derivable at almost all x ∈ E. Then the following conditions are equivalent:
(i) VLF is absolutely continuous with respect to the Lebesgue measure µm.
(ii) F is strongly absolutely continuous on I.
(iii) There exists a function f : E −→ X satisfying the following condition: given
ε > 0, there exists a nearly upper semicontinuous gauge δ on E such that
p∑
i=1
‖f(ξi) |Ii| − F (Ii)‖ < ε
for each δ-fine McShane partition {(Ii, ξi)}pi=1 in E.

. (i) ⇐⇒ (ii). The proof is similar to that of [3, Proposition 1].
(ii) =⇒ (iii). In this case, there exists a negligible relative Gδ-set Z ⊂ E such that
F is derivable at each x ∈ E \ Z. Set f(x) = F ′(x) if x ∈ E \ Z, and f(x) = 0 if
x ∈ Z.
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Let ε > 0 and ε0 := ε3+5|E| . Then there exists a gauge δ0 on E \ Z such that the
inequality
‖f(x) |I | − F (I)‖ < ε0 |I |
holds whenever x ∈ I ∩ (E \ Z), I ∈ I and I ⊂ B(x, δ0(x)).
Since Z is a relative Gδ subset of E, we may fix an increasing sequence {Yk}∞k=1 of
closed sets such that
∞⋃
k=1
Yk = E \ Z. For each positive integer k we set Wk := {x ∈
Yk : ‖f(x)‖ 6 kε0 and δ0(x) > 1k} and Xk = W k. As {Xk} is an increasing sequence
of closed sets whose union is E \ Z, we may assume that each Xk is nonempty.
By our choice of δ0(·) we have ‖f(x) − f(y)‖ < 2ε0 whenever x, y ∈ E \ Z with
|||x − y||| < min{δ0(x), δ0(y)}. Since Yk is closed with Xk ⊆ Yk, we see that ‖f‖χXk
is bounded. Hence we may choose an open set Gk containing Xk such that µm(Gk \
Xk) < min{ ε0(2k)‖fχ
Xk
‖∞ , ηk}, where ηk > 0 corresponds to
ε0
2k
in the definition of the
strong absolute continuity of F .
Since Z is negligible, we select an open set U containing Z such that µm(U) < η1.
Put X0 := ∅ and define a gauge δ on E as follows:
δ(x) =
{
min{ 1k , dist(x, Xk−1 ∪ (E \Gk))} ifx ∈ Xk \Xk−1 for some k ∈ {1, 2, . . .},
dist(x, E \ U) if x ∈ Z.
Then δ is nearly upper semicontinuous on E. We shall prove that F is the indefinite
McShane integral of f using this gauge δ. Select any δ-fine McShane partition P =
{(Ii, xi)}pi=1 anchored in E. Since F (·) and µm(·) are both additive interval functions,
an application of [10, Proposition 7.3.3] shows that P may be assumed to be 12 -
regular. Then we have
p∑
i=1
‖f(xi) |Ii| − F (Ii)‖ 6
∑










{‖f(xi) |Ii| − F (Ii)‖ : xi ∈ Xk and I ∩Xk 6= ∅}.
By our choice of U , we see that the first term is less than ε0. Likewise, the second





‖f(x)‖)µm(Gk \Xk) + ε02k }. It remains to prove that the
last term is less than 5ε0 |E|.
Let {(I, x)} be a 1k -fine 12 -regular partition anchored in {x} ⊆ Xk such that
I ∩ Xk 6= ∅, from which we may select and fix y ∈ I ∩ Xk. As both x, y belong to
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Xk, there exist two sequences {xn}, {yn} in Wk such that |||xn − x||| + |||yn − y||| → 0
as n →∞. For each positive integer n, we let In be the smallest interval containing
yn and I . Then diam (In) → diam (I) and reg(In) → reg(I) as n →∞. Thus
∥∥∥f(x)− F (I)|I |
∥∥∥ 6 2ε0 + lim sup
n→∞














2k + 5ε0 |E| = ε, proving that
F is the indefinite strong McShane integral of f over E.
(iii) =⇒ (i). This follows from Theorem 3.1. The proof is complete. 

3.6. Since the strong McShane integral is equivalent to the Bochner
integral [11], it is not difficult to see that Theorem 3.5 extends [2, Theorem 6].
Lemma 3.7. Let F be an additive interval function on I. If VLF is absolutely
continuous with respect to the Lebesgue measure µm, then it is finite.

. By modifying the proof of [3, Proposition 1] we see that VLF (E) is
finite. Since VLF (·) is an outer measure, we see that VLF (S) is finite for each subset
S of E. The proof is complete. 
Lemma 3.8. If f is strongly McShane integrable on E and F is the indefinite







. Given ε > 0, choose a gauge δ1 on E that corresponds to ε3 in the
definition of the strong McShane integral of f on E.








for some δ2-fine McShane partition {(J ′i , xi)}qi=1 of I .
By following the proofs of [11, Lemma 8] and [5, Theorem 10.8], there exists a
















‖f(ξi)‖ |Ii| − VL(I)
∣∣∣∣ < ε
for each min{δ1, δ2, δ3}-fine McShane partition {(Ii, ξi)}pi=1 of I . This proves the
lemma. 
Using the above lemmas and Theorem 3.5, we can now state and prove the Radon-
Nikodým Theorem for the McShane variational measure.
Theorem 3.9. Suppose that F is an additive interval function on I such that F
is derivable at almost all x ∈ E. If VLF is absolutely continuous with respect to the
Lebesgue measure µm with
f(x) =
{
F ′(x) if F ′(x) exists,
0 otherwise,





= VLF (Y )
holds for each measurable set Y ⊂ E.

. By virtue of Lemma 3.8, the proof is similar to that of [4, Theorem 2E].

We conclude this paper by giving another application of Theorem 3.5 to obtain
two results for the strong McShane integral, extending the corresponding results [9,
Proposition 4, Remark 6], [9, Corollary 5, Remark 6] for the McShane integral. Our
proofs, unlike the ones employed in [9], do not depend on the fact that the McShane
integrable function is real-valued.
Theorem 3.10. If f is strongly McShane integrable on E, then the gauge function
in the definition of the strong McShane integral of f can be chosen to be nearly upper
semicontinuous on E.

. This follows from Theorems 3.1 and 3.5. 
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